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The Balitsky-Fadin-Kuraev-Lipatov (BFKL) approach for the investigation of semihard processes is
plagued by large next-to-leading corrections, both in the kernel of the universal BFKL Green’s function and
in the process-dependent impact factors, as well as by large uncertainties in the renormalization scale
setting. All that calls for an optimization procedure of the perturbative series. In this respect, one of the most
common methods is the Brodsky-Lepage-Mackenzie (BLM) one, which eliminates the renormalization
scale ambiguity by absorbing the nonconformal β0 terms into the running coupling. In this paper, we apply
the BLM scale setting procedure directly to the amplitudes (cross sections) of several semihard processes.
We show that, due to the presence of β0 terms in the next-to-leading expressions for the impact factors, the
optimal renormalization scale is not universal but depends both on the energy and on the type of process in
question.
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I. INTRODUCTION
We discuss the application of the Balitsky-Fadin-Kuraev-
Lipatov (BFKL) method [1] to the description of semihard
processes, i.e. hard processes in the kinematic region where
the energy variable s is substantially larger than the hard
scale Q2, s≫ Q2 ≫ Λ2QCD, with Q the typical transverse
momentum and ΛQCD the QCD scale. This approach allows
us to resum systematically to all orders of perturbation series
the terms enhanced by leading αns lnnðs=Q2Þ (LLA) and first
subleading αnþ1s lnnðs=Q2Þ (NLA) logarithms of the energy.
In the BFKL approach, relevant physical observables are
expressed as a convolution of two impact factors with the
Green’s function of the BFKL equation. The Green’s
function is determined through the BFKL equation and
is process-independent. The next-to-leading order (NLO)
kernel of the BFKL equation for singlet color representa-
tion in the t channel and forward scattering, relevant for
the determination of the NLA total cross section, has been
achieved in Refs. [2], after the long program of calculation
of the NLO corrections [3] (for a review, see Ref. [4]). The
other essential ingredient are impact factors, which are not
universal and must be calculated process by process.
Indeed, only a few of them are known with NLO accuracy.
Both the impact factors and the BFKL kernel receive
large NLO corrections in the MS renormalization scheme.
The practical application of this approach to physical
processes encounters therefore serious difficulties, due not
only to the large NLO corrections, but also to big renorm-
alization scale setting uncertainties, thus calling for some
optimization procedure of the QCD perturbative series.
In this paper we focus on the widely used Brodsky-
Lepage-Mackenzie (BLM) approach [5] to address this
problem, which relies on the removal of the renormalization
scale ambiguity by absorbing the nonconformal β0 terms
into the running coupling. It is known that after BLM scale
setting, the QCD perturbative convergence can be greatly
improved due to the elimination of renormalon terms in the
perturbative QCD series. Moreover, with the BLM scale
setting, the BFKL Pomeron intercept has a weak dependence
on the virtuality of the Reggeized gluon [6,7].
We apply the BLM scale setting procedure directly to the
amplitudes (cross sections) of several semihard processes.
It is shown that due to the presence of β0 terms in the NLO
expressions for the impact factors, the resulting optimal
renormalization scale is not universal and depends both on
the energy and on the type of process in question. We
illustrate this general conclusion considering in detail the
following semihard processes:
(i) the forward amplitude of production of two light
vector mesons in collision of two virtual pho-
tons, γγ → V1V2;
(ii) the high-energy behavior of the total cross section
for highly virtual photons, γγ → X;
(iii) the inclusive production of two forward, high-pT
jets separated by a large interval in rapidity Δy
(Mueller-Navelet jets), pþ p → jetþ jetþ X.
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At present we do not have a model-independent method
to resum the BFKL series beyond the NLA logarithms of
the energy. Therefore we strictly adhere here to the original
formulation of the BLM procedure and do not consider its
higher-order extensions, such as the sequential extended
BLM [8] and the principle of maximum conformality [9]
(see [10] for a review on the latter method; see also [11–14]
for some recent comparisons between different optimiza-
tion methods).
The paper is organized as follows: in Sec. II we rederive
the general expression for the NLA BFKL amplitude in the
ðν; nÞ representation; in Sec. III we discuss in detail the
implementation of the BLM scale setting method, both in
exact way and in some approximated forms; in Sec. IV we
present the applications of the procedure to the three
different processes mentioned above; finally, in Sec. V
we draw our conclusions and discuss previous studies of
semihard processes with BLM method.
II. THE BFKL AMPLITUDE
The cross section and many other physical observables
are directly related to the forward amplitude, which in the
BFKL approach can be expressed as follows:
ImsðAÞ ¼
s
ð2πÞ2
Z
d2~q1
~q21
Φ1ð~q1; s0Þ
Z
d2~q2
~q22
Φ2ð−~q2; s0Þ
×
Z
δþi∞
δ−i∞
dω
2πi

s
s0

ω
Gωð~q1; ~q2Þ: ð1Þ
This expression holds with NLA accuracy. Here, s is the
squared center-of-mass energy, whereas s0 is an artificial
scale introduced to perform the Mellin transform from the s
space to the complex angular momentum plane and cancels
in the full expression, up to terms beyond the NLA. All
momenta entering this expression are defined on the
transverse plane and are therefore two-dimensional. Φ1;2
are the NLO impact factors specific of the process; we will
see later on three different examples for them. The Green’s
function Gω takes care of the universal, energy-dependent
part of the amplitude. It obeys the BFKL equation,
ωGωð~q1; ~q2Þ ¼ δð2Þð~q1 − ~q2Þ þ
Z
d2~qKð~q1; ~qÞGωð~q; ~q1Þ;
ð2Þ
where Kð~q1; ~q2Þ is the BFKL kernel.
In this section we will derive a general form for the
amplitude in the so-called ðν; nÞ representation, which will
provide us with the starting point of our further analysis.
We will proceed along the same lines of Refs. [15]. First of
all, it is convenient to work in the transverse momentum
representation, defined by
~ˆqj~qii ¼ ~qij~qii; ð3Þ
h~q1j~q2i ¼ δð2Þð~q1 − ~q2Þ;
hAjBi ¼ hAj~kih~kjBi ¼
Z
d2kAð~kÞBð~kÞ: ð4Þ
In this representation, the forward amplitude (1) takes the
very simple form
ImsðAÞ ¼
s
ð2πÞ2
Z
δþi∞
δ−i∞
dω
2πi

s
s0

ω

Φ1
~q21
Gˆω
Φ2~q22

: ð5Þ
The kernel of the operator Kˆ becomes
Kð~q2; ~q1Þ ¼ h~q2jKˆj~q1i; ð6Þ
and the equation for the Green’s function reads
1ˆ ¼ ðω − KˆÞGˆω; ð7Þ
with its solution being
Gˆω ¼ ðω − KˆÞ−1: ð8Þ
The kernel is given as an expansion in the strong
coupling,
Kˆ ¼ α¯sKˆ0 þ α¯2sKˆ1; ð9Þ
where
α¯s ¼
αsNc
π
; ð10Þ
and Nc is the number of colors. In Eq. (9) Kˆ
0 is the BFKL
kernel in the LO, while Kˆ1 represents the NLO correction.
To determine the cross section with NLA accuracy, we
need an approximate solution of Eq. (8). With the required
accuracy this solution is
Gˆω ¼ ðω − α¯sKˆ0Þ−1 þ ðω − α¯sKˆ0Þ−1ðα¯2sKˆ1Þðω − α¯sKˆ0Þ−1
þO½ðα¯2sKˆ1Þ2: ð11Þ
The basis of eigenfunctions of the LO kernel,
Kˆ0jn; νi ¼ χðn; νÞjn; νi;
χðn; νÞ ¼ 2ψð1Þ − ψ

n
2
þ 1
2
þ iν

− ψ

n
2
þ 1
2
− iν

;
ð12Þ
is given by the following set of functions:
h~qjn; νi ¼ 1
π
ﬃﬃﬃ
2
p ð~q2Þiν−12einϕ: ð13Þ
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Here ϕ is the azimuthal angle of the vector ~q counted from
some fixed direction in the transverse space, cosϕ≡
qx=j~qj. Then, the orthonormality and completeness con-
ditions take the form
hn0; ν0jn; νi ¼
Z
d2~q
2π2
ð~q2Þiν−iν0−1eiðn−n0Þϕ ¼ δðν − ν0Þδnn0
ð14Þ
and
1ˆ ¼
X∞
n¼−∞
Z
∞
−∞
dνjn; νihn; νj: ð15Þ
The action of the full NLO BFKL kernel on these
functions may be expressed as follows,
Kˆjn; νi ¼ α¯sðμRÞχðn; νÞjn; νi
þ α¯2sðμRÞ

χð1Þðn; νÞ þ β0
4Nc
χðn; νÞ lnðμ2RÞ

jn; νi
þ α¯2sðμRÞ
β0
4Nc
χðn; νÞ

i
∂
∂ν

jn; νi; ð16Þ
where μR is the renormalization scale of the QCD
coupling; the first term represents the action of the LO
kernel, while the second and third terms stand for the
diagonal and the nondiagonal parts of the NLO kernel,
and we have used
β0 ¼
11Nc
3
−
2nf
3
; ð17Þ
where nf is the number of active quark flavors.
The function χð1Þðn; νÞ, calculated in [16] (see also [17]),
is conveniently represented in the form
χð1Þðn; νÞ ¼ − β0
8Nc

χ2ðn; νÞ − 10
3
χðn; νÞ − iχ0ðn; νÞ

þ χ¯ðn; νÞ; ð18Þ
where
χ¯ðn; νÞ ¼ − 1
4

π2 − 4
3
χðn; νÞ − 6ζð3Þ − χ00ðn; νÞ
þ 2ϕðn; νÞ þ 2ϕðn;−νÞ
þ π
2 sinhðπνÞ
2νcosh2ðπνÞ

3þ

1þ nf
N3c

11þ 12ν2
16ð1þ ν2Þ

δn0
−

1þ nf
N3c

1þ 4ν2
32ð1þ ν2Þ δn2
	
; ð19Þ
ϕðn; νÞ ¼ −
Z
1
0
dx
x−1=2þiνþn=2
1þ x

1
2

ψ 0

nþ 1
2

− ζð2Þ

þ Li2ðxÞ þ Li2ð−xÞ
þ ln x

ψðnþ 1Þ − ψð1Þ þ lnð1þ xÞ þ
X∞
k¼1
ð−xÞk
kþ n

þ
X∞
k¼1
xk
ðkþ nÞ2 ð1 − ð−1Þ
kÞ
	
¼
X∞
k¼0
ð−1Þkþ1
kþ ðnþ 1Þ=2þ iν

ψ 0ðkþ nþ 1Þ − ψ 0ðkþ 1Þ þ ð−1Þkþ1ðβ0ðkþ nþ 1Þ þ β0ðkþ 1ÞÞ
−
1
kþ ðnþ 1Þ=2þ iν ðψðkþ nþ 1Þ − ψðkþ 1ÞÞ
	
;
β0ðzÞ ¼ 1
4

ψ 0

zþ 1
2

− ψ 0

z
2
	
; Li2ðxÞ ¼ −
Z
x
0
dt
lnð1 − tÞ
t
: ð20Þ
Here and below χ0ðn;νÞ¼dχðn;νÞ=dν and χ00ðn;νÞ¼d2χðn;νÞ=d2ν.
The projection of the impact factors onto the eigenfunctions of the LO BFKL kernel, i.e. the transfer to the ðν; nÞ
representation, is done as follows:
Φ1ð~q1Þ
~q21
¼
Xþ∞
n¼−∞
Z þ∞
−∞
dνΦ1ðν; nÞhn; νj~q1i;
Φ2ð−~q2Þ
~q22
¼
Xþ∞
n¼−∞
Z þ∞
−∞
dνΦ2ðν; nÞh~q2jn; νi;
Φ1ðν; nÞ ¼
Z
d2q1
Φ1ð~q1Þ
~q21
1
π
ﬃﬃﬃ
2
p ð~q21Þiν−
1
2einϕ1 ;
Φ2ðν; nÞ ¼
Z
d2q2
Φ2ð−~q2Þ
~q22
1
π
ﬃﬃﬃ
2
p ð~q22Þ−iν−
1
2e−inϕ2 : ð21Þ
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The impact factors can be represented as an expansion
in αs,
Φ1;2ð~qÞ ¼ αsðμRÞ½v1;2ð~qÞ þ α¯sðμRÞvð1Þ1;2ð~qÞ ð22Þ
and
Φ1;2ðn; νÞ ¼ αsðμRÞ½c1;2ðn; νÞ þ α¯sðμRÞcð1Þ1;2ðn; νÞ: ð23Þ
To obtain our representation of the forward amplitude,
we need the matrix element of the BFKL Green’s function.
According to (11), we have
hn; νjGˆωjn0; ν0i ¼ δn;n0

δðν − ν0Þ

1
ω − α¯sðμRÞχðn; νÞ
þ
α¯2sðμRÞðχ¯ðn; νÞ þ β08Nc ð−χ2ðn; νÞ þ 103 χðn; νÞ þ 2χðn; νÞ ln μ2R þ i ddν χðn; νÞÞÞ
ðω − α¯sðμRÞχðn; νÞÞ2

þ
β0
4Nc
α¯2sðμRÞχðn; ν0Þ
ðω − α¯sðμRÞχðn; νÞÞðω − α¯sðμRÞχðn; ν0ÞÞ

i
d
dν0
δðν − ν0Þ
	
: ð24Þ
Inserting twice the unity operator, written according to
the completeness condition (15), into (5), we get
ImsðAÞ ¼
s
ð2πÞ2
X∞
n¼−∞
Z
∞
−∞
dν
X∞
n0¼−∞
Z
∞
−∞
dν0
×
Z
δþi∞
δ−i∞
dω
2πi

s
s0

ω
×

Φ1
~q21
jn; νihn; νjGˆωjn0; ν0ihn0; ν0j
Φ2
~q22

; ð25Þ
and, after some algebra and integration by parts, finally,
ImsðAÞ ¼
s
ð2πÞ2
X∞
n¼−∞
Z
∞
−∞
dν

s
s0

α¯sðμRÞχðn;νÞ
× α2sðμRÞc1ðn; νÞc2ðn; νÞ
×

1þ α¯sðμRÞ

cð1Þ1 ðn; νÞ
c1ðn; νÞ
þ c
ð1Þ
2 ðn; νÞ
c2ðn; νÞ

þ α¯2sðμRÞ ln
s
s0


χ¯ðn; νÞ þ β0
8Nc
χðn; νÞ
×

− χðn; νÞþ 10
3
þ2 ln μ2Rþi
d
dν
ln
c1ðn; νÞ
c2ðn; νÞ
	
:
ð26Þ
This is our master representation of the NLA BFKL
forward amplitude. In the next section we will implement
on it the BLM scale setting.
III. BLM SCALE SETTING
The cross section of a process is related, via the optical
theorem, to the imaginary part of the forward scattering
amplitude,
σ ¼ ImsA
s
: ð27Þ
Here we want to discuss the BLM scale setting for the
separate contributions to the cross section, specified in (26)
by different values of n and denoted in the following by Cn.
Note that the n ¼ 0 case is relevant, e.g., for the total cross
sections of γγ interactions, Mueller-Navelet jet produc-
tion and the forward differential cross section of the γγ →
V1V2 process. Azimuthal angle correlations of produced
jets in the Mueller-Navelet process are instead associated
with nonzero values of n.
The starting point of our considerations is the expression
for Cn in the MS scheme [see Eq. (26)],
Cn ¼
1
ð2πÞ2
Z
∞
−∞
dν

s
s0

α¯sðμRÞχðn;νÞ
α2sðμRÞc1ðn; νÞc2ðn; νÞ
×

1þ α¯sðμRÞ

cð1Þ1 ðn; νÞ
c1ðn; νÞ
þ c
ð1Þ
2 ðn; νÞ
c2ðn; νÞ

þ α¯2sðμRÞ ln
s
s0


χ¯ðn; νÞ þ β0
8Nc
χðn; νÞ
×

−χðn; νÞ þ 10
3
þ 2 ln μ2R þ i
d
dν
ln
c1ðn; νÞ
c2ðn; νÞ
	
:
ð28Þ
In the rhs of this expression we have terms ∼αs originated
from the NLO corrections to the impact factors, and terms
∼α2s lnðs=s0Þ coming from NLO corrections to the BFKL
kernel. In the latter case, the terms proportional to the QCD
β function are explicitly shown. For our further consid-
eration of the BLM scale setting, similar contributions have
to be separated also from the NLO impact factors.
In fact, the contribution to an NLO impact factor that is
proportional to β0 is universally expressed through the LO
impact factor,
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vð1Þð~qÞ ¼ vð~qÞ β0
4Nc

ln

μ2R
~q2

þ 5
3

þ…; ð29Þ
where the dots stand for the other terms not proportional to
β0. This statement becomes evident if one considers the
part of the strong coupling renormalization proportional to
nf and related with the contributions of light quark flavors.
Such contribution to the NLO impact factor originates only
from diagrams with the light quark loop insertion in the
Reggeized gluon propagator. The results for such contri-
butions can be found, for instance, in Eq. (5.1) of [18].
Tracing there the terms ∼nf and performing the QCD
charge renormalization, one can indeed confirm (29).
Transforming (29) to the ν representation according to
(21), we obtain
~cð1Þ1 ðν; nÞ ¼
β0
4Nc

þi d
dν
c1ðν; nÞ þ

ln μ2R þ
5
3

c1ðν; nÞ
	
;
~cð1Þ2 ðν; nÞ ¼
β0
4Nc

−i
d
dν
c2ðν; nÞ þ

ln μ2R þ
5
3

c2ðν; nÞ
	
;
ð30Þ
and
~cð1Þ1
c1
þ ~c
ð1Þ
2
c2
¼ β0
4Nc

i
d
dν
ln

c1
c2

þ 2

ln μ2R þ
5
3
	
: ð31Þ
It is convenient to introduce the function fðνÞ, defined
through
i
d
dν
ln

c1
c2

≡ 2½fðνÞ − ln ðQ1Q2Þ; ð32Þ
that depends on the given process, where Q1;2 denotes here
the hard scales which enter the impact factors c1;2.
1 The
specific form of the function fðνÞ depends on the particular
process. According to the properties of the corresponding
LO impact factors (γ → V, γ → γ and Mueller-Navelet
jet vertex), one can easily check that
fγγ→XðνÞ ¼ fpp→jet1þXþjet2ðνÞ ¼ 0; ð33Þ
for the processes γγ → X and Mueller-Navelet jet pro-
duction, whereas for the process γγ → V1V2 (forward
electroproduction of two light vector mesons), this function
is not equal to zero,
fγγ→V1V2ðνÞ ¼ ψð3þ 2iνÞ þ ψð3 − 2iνÞ − ψ

3
2
þ iν

− ψ

3
2
− iν

: ð34Þ
Now, we present again our result for the generic
observable Cn, showing explicitly all contributions propor-
tional to the QCD β function, i.e. also those originating
from the impact factors,
Cn ¼
1
ð2πÞ2
Z
∞
−∞
dν

s
s0

α¯sðμRÞχðn;νÞ
α2sðμRÞc1ðn; νÞc2ðn; νÞ
×

1þ α¯sðμRÞ

c¯ð1Þ1 ðn; νÞ
c1ðn; νÞ
þ c¯
ð1Þ
2 ðn; νÞ
c2ðn; νÞ
þ β0
2Nc

5
3
þ ln μ
2
R
Q1Q2
þ fðνÞ

þ α¯2sðμRÞ ln
s
s0


χ¯ðn; νÞ þ β0
4Nc
χðn; νÞ
×

−
χðn; νÞ
2
þ 5
3
þ ln μ
2
R
Q1Q2
þ fðνÞ
	
; ð35Þ
where c¯ð1Þ1;2 ≡ cð1Þ1;2 − ~cð1Þ1;2. We note that the dependence of
(35) on the scale μR is subleading: performing in (35) the
replacement
αsðμRÞ ¼ αsðμ0RÞ

1 − α¯sðμ0RÞ
β0
2Nc
ln
μR
μ0R

; ð36Þ
one indeed obtains the same expression as before with
the new scale μ0R at the place of the old one μR, plus some
additional contributionswhich are beyond theNLAaccuracy.
As the next step, we perform a finite renormalization
from the MS to the physical momentum subtraction
(MOM) scheme, that means:
αMSs ¼ αMOMs

1þ α
MOM
s
π
T

; ð37Þ
with T ¼ Tβ þ Tconf ,
Tβ ¼ − β0
2

1þ 2
3
I

;
Tconf ¼ CA
8

17
2
I þ 3
2
ðI − 1Þξþ

1 −
1
3
I

ξ2 −
1
6
ξ3
	
;
ð38Þ
where I ¼ −2 R 10 dx lnðxÞx2−xþ1≃ 2.3439 and ξ is a gauge
parameter, fixed at zero in the following.
Inserting (37) into (35) and expanding the result, we
obtain, within NLA accuracy,
1Here we consider processes whose impact factors are char-
acterized by only one hard scale. This is the virtuality of the
photon, Q, for the γ → γ and γ → V impact factors, and the jet
transverse momentum, j~kj, for the impact factor describing the
Mueller-Navelet jet production.
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CMOMn ¼
1
ð2πÞ2
Z
∞
−∞
dν

s
s0

α¯MOMs ðμRÞχðn;νÞðαMOMs ðμRÞÞ2c1ðn; νÞc2ðn; νÞ
×

1þ α¯MOMs ðμRÞ


c¯ð1Þ1 ðn; νÞ
c1ðn; νÞ
þ c¯
ð1Þ
2 ðn; νÞ
c2ðn; νÞ
þ 2T
conf
Nc
þ β0
2Nc

5
3
þ ln μ
2
R
Q1Q2
þ fðνÞ − 2

1þ 2
3
I

þ ðα¯MOMs ðμRÞÞ2 ln
s
s0


χ¯ðn; νÞ þ T
conf
Nc
χðn; νÞþ β0
4Nc
χðn; νÞ

−
χðn; νÞ
2
þ 5
3
þ ln μ
2
R
Q1Q2
þ fðνÞ − 2

1þ 2
3
I
	
:
ð39Þ
The optimal scale μBLMR is the value of μR that makes the expression proportional to β0 vanish. We, thus, have
Cβn ¼ 1ð2πÞ2
Z
∞
−∞
dν

s
s0

α¯MOMs ðμBLMR Þχðn;νÞðαMOMs ðμBLMR ÞÞ3c1ðn; νÞc2ðn; νÞ
×
β0
2Nc

5
3
þ ln ðμ
BLM
R Þ2
Q1Q2
þ fðνÞ − 2

1þ 2
3
I

þ α¯MOMs ðμBLMR Þ ln

s
s0

χðn; νÞ
2

−
χðn; νÞ
2
þ 5
3
þ ln ðμ
BLM
R Þ2
Q1Q2
þ fðνÞ − 2

1þ 2
3
I
	
¼ 0: ð40Þ
In the rhs of (40) we have two groups of contributions. The
first one originates from the β0-dependent part of NLO
impact factor (29) and also from the expansion of the
common α2s prefactor in (35) after expressing it in terms of
αMOMs . The other group are the terms proportional to
α¯MOMs ln s=s0. These contributions are those β0-dependent
terms that are proportional to ln s=s0 in (35) and also the
one coming from the expansion of the ðs=s0Þα¯sχðn;νÞ factor
in (35) after expressing it in terms of αMOMs .
The solution of Eq. (40) gives us the value of the BLM
scale. Note that this solution depends on the energy (on the
ratio s=s0). Such a scale setting procedure is a direct
application of the original BLM approach to semihard
processes. Finally, our expression for the observable reads
CBLMn ¼
1
ð2πÞ2
Z
∞
−∞
dν

s
s0

α¯MOMs ðμBLMR Þ½χðn;νÞþα¯MOMs ðμBLMR Þðχ¯ðn;νÞþT
conf
Nc
χðn;νÞÞ
× ðαMOMs ðμBLMR ÞÞ2c1ðn; νÞc2ðn; νÞ

1þ α¯MOMs ðμBLMR Þ


c¯ð1Þ1 ðn; νÞ
c1ðn; νÞ
þ c¯
ð1Þ
2 ðn; νÞ
c2ðn; νÞ
þ 2T
conf
Nc
	
; ð41Þ
where we put as the exponent the terms ∼α¯MOMs ln s=s0, which is allowed within the NLA accuracy.
Unfortunately, Eq. (40) can be solved only numerically, thus making the scale setting a bit unpractical. For this reason, we
will work out also some analytic approximate approaches to the BLM scale setting, which have the merit of a
straightforward and simple application. We consider the BLM scale as a function of ν and chose it in order to make vanish
either the first or the second (∼α¯MOMs ln s=s0) group of terms in Eq. (40). We, thus, have the following two cases:
(i) case ðaÞ
ðμBLMR;a Þ2 ¼ Q1Q2 exp

2

1þ 2
3
I

− fðνÞ − 5
3
	
; ð42Þ
CBLM;an ¼ 1ð2πÞ2
Z
∞
−∞
dν

s
s0

α¯MOMs ðμBLMR;a Þ½χðn;νÞþα¯MOMs ðμBLMR;a Þðχ¯ðn;νÞþT
conf
Nc
χðn;νÞ− β0
8Nc
χ2ðn;νÞÞ
× ðαMOMs ðμBLMR;a ÞÞ2c1ðn; νÞc2ðn; νÞ
×

1þ α¯MOMs ðμBLMR;a Þ


c¯ð1Þ1 ðn; νÞ
c1ðn; νÞ
þ c¯
ð1Þ
2 ðn; νÞ
c2ðn; νÞ
þ 2T
conf
Nc
	
; ð43Þ
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(ii) case ðbÞ
ðμBLMR;b Þ2 ¼ Q1Q2 exp

2

1þ 2
3
I

− fðνÞ − 5
3
þ 1
2
χðν; nÞ
	
; ð44Þ
CBLM;bn ¼ 1ð2πÞ2
Z
∞
−∞
dν

s
s0

α¯MOMs ðμBLMR;b Þ½χðn;νÞþα¯MOMs ðμBLMR;b Þðχ¯ðn;νÞþT
conf
Nc
χðn;νÞÞ
× ðαMOMs ðμBLMR;b ÞÞ2c1ðn; νÞc2ðn; νÞ
×

1þ α¯MOMs ðμBLMR;b Þ


c¯ð1Þ1 ðn; νÞ
c1ðn; νÞ
þ c¯
ð1Þ
2 ðn; νÞ
c2ðn; νÞ
þ 2T
conf
Nc
þ β0
4Nc
χðn; νÞ
	
: ð45Þ
The other possible option for the BLM scale setting
could be related to the requirement that the entire expres-
sion in the integrand of (40) vanishes, which leads to the
following condition:
(i) case ðcÞ
5
3
þ ln ðμ
BLM
R;c Þ2
Q1Q2
þ fðνÞ − 2

1þ 2
3
I

¼
α¯MOMs ðμBLMR;c Þ lnð ss0Þ
χ2ðn;νÞ
4
1þ α¯MOMs ðμBLMR;c Þ lnð ss0Þ
χðn;νÞ
2
: ð46Þ
One should mention, however, that such an approach to the
BLM scale setting has a limited applicability, since the
denominator in the rhs of (46) vanishes at some value of
ν ¼ ν¯, given by
1þ α¯MOMs ln

s
s0

χðn; ν¯Þ
2
¼ 0; ð47Þ
which prevents us from defining μBLMR;c ðνÞ in the entire ν
range. Nevertheless, one can try to use such a method in
those cases when the product of the two LO impact factors
c1ðn; νÞc2ðn; νÞ is a function decreasing so rapidly as to
guarantee the convergence of the ν integration in (41) in
the ν region where there is no problem with the solution
of Eq. (46).
Note also that all three approaches to BLM scale fixing
discussed above, and given in Eqs. (42), (44) and (46),
could be applicable only to processes characterized by a
real-valued function fðνÞ. For some processes, this is not
the case. In particular, the inclusive production of two
identified hadrons separated by a large interval of rapidity
in proton-proton collisions, pþ p→ h1 þ h2 þ X, is
0 1 2 3 4 5 6 7 8 9
2
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0
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c
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Y
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s
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_________
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FIG. 1 (color online). Left: BLM scales for the process γγ → V1V2 (see the text for details). Right: Forward amplitude for
γγ → V1V2 at Y0 ¼ 0.
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described by a complex-valued function, fðνÞ ¼ fð−νÞ.
This can be easily seen calculating fðνÞ from Eq. (77) of
[19] for the identified hadron production impact factor.
In such cases one can use only the BLM scale fixing
method which relies on the numerical solution of Eq. (40).
IV. APPLICATIONS
In this section we apply the BLM approach to a selection
of semihard processes. For the energy variables we will use
notations
Y ¼ ln s
Q2
; Y0 ¼ ln
s0
Q2
: ð48Þ
In our numerics we use the following settings: nf ¼ 5 and
αsðMZÞ ¼ 0.11707 for the number of active flavors and the
value of the strong coupling.
A. Electroproduction of two vector mesons
We start with the description of the forward amplitude
for the production of a pair of light vector mesons in the
collision of two virtual photons, γγ → V1V2. Such
processes could be studied in experiments at future high-
energy eþe− colliders; see [20–22] for estimates of the
cross section in the Born approximation. The BFKL
resummation for these processes was considered in [23],
where the inclusion of NLO effects was limited to the
corrections to the BFKL kernel. In the papers [15], some of
us performed a complete NLA BFKL analysis for the
forward amplitude of these processes, including the NLO
corrections also to the γ → V impact factors [24]. Very
large NLA corrections to the forward amplitude were
found, therefore in [15] the principle of minimal sensitivity
(PMS) [25] approach was used to optimize the perturbative
series.
Here we present numerical results for the forward
amplitude obtained with the BLM optimization method
described above.
We consider the case of equal values of photons virtual-
ities, Q1 ¼ Q2 ¼ Q, and, following the first of Refs. [15],
present our numerical predictions for the forward amplitude
multiplied by some kinematic factors, ImsðAÞQ2=ðsD1D2Þ,
calculated at Q ¼ 50 GeV, where the expressions for D1;2
are given in Eq. (14) of the first of Refs. [15].
For the considered process, only the n ¼ 0 term con-
tributes and the fðνÞ function is given in (34). We will try
all approaches to the BLM scale setting described in the
previous section. In particular, for this process the product
of two LO impact factors c1ðn; νÞc2ðn; νÞ vanishes very fast
for jνj > 1; therefore, in the relevant integration ν range,
jνj < 1, we can find the solution of Eq. (46) and determine
the BLM scale μBLMR;c as a function of ν and energy.
In Fig. 1 (left) we show the values of the BLM to
kinematic scale ratios, μBLMR =Q, as functions of Y − Y0,
obtained in four different cases. By the “exact” case, we
denote the scale obtained solving numerically Eq. (40) for
each value of ln ðs=s0Þ≡ Y − Y0. In the other three
approaches, the BLM scales depend on ν: the scales for
cases ðaÞ and ðbÞ are given by Eqs. (42) and (44),
respectively; case ðcÞ corresponds to the numerical solution
of Eq. (46) for each value of ν and Y − Y0. The ν-dependent
scales, cases ðaÞ, ðbÞ and ðcÞ, are shown in Fig. 1 (left) for
the particular value of ν ¼ 0.
Approximate approaches to the scale setting give energy-
independent BLM scales [see cases ðaÞ and ðbÞ in
Fig. 1 (left)], whereas an exact implementation of the
BLM rule leads, in general, to the scales which depend on
the energy of the process [see cases ðcÞ and “exact” in
Fig. 1 (left)]. In fact, the approaches ðaÞ and ðbÞ can be
considered as a low- and a high-energy approximation to
the case ðcÞ, where the BLM scale setting prescription is
implemented precisely.
Nevertheless, as we already mentioned above, the con-
dition (46) could not be resolved for all processes.
Therefore, we also defined a method which could be
universally applied and which we call here “exact.” It
gives a ν-independent BLM scale and it is based on the
requirement that the integral in Eq. (40) vanishes, contrary
to the approach ðcÞ, where we try to make vanish the
integrand of the same equation for each separate value of ν.
In Fig. 1 (right) we show our predictions as functions of
the energy for the forward amplitude calculated with all
four different methods described above: cases ðaÞ and ðbÞ
were calculated using Eqs. (43) and (45) and cases ðcÞ and
“exact” using Eq. (41) with the corresponding choices of
the scales. The result of the BFKL resummation depends
not only on the renormalization scale μR, which is fixed
0 1 2 3 4 5 6 7 8 9
5
7.5
10
12.5
15
BLM
exact
BLM
a
BLMb
BLM
c
μ  R
Y-Y0
BLM/Q
FIG. 2 (color online). BLM scales for the process γγ → X
(see the text for details).
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here with the BLM method, but also on the energy scale s0
or Y0. In Fig. 1 (right) we present the results obtained with
the choice of this scale dictated by the kinematic of the
process, s0 ¼ Q2 or Y0 ¼ 0. A more reliable estimation
could result from fixing the value of Y0 according to some
optimization method, such as PMS, but this goes beyond
the scope of the present paper.
As we can see in Fig. 1 (right), our predictions obtained
with precise implementations of the BLM method lie
inbetween those derived with the use of the two approxi-
mate realizations. Note that the difference between the two
explicit methods, cases ðcÞ and “exact,” is sizeable and
increases with the energy. This is related to the fact that
these two approaches are not equivalent, and the scales in
case ðcÞ are larger than those in the “exact” one. Note also
that, with the growth of energy, the value of ν ¼ ν¯ where
the solution of Eq. (46) has a singularity decreases [see
Eq. (47)] and approaches the ν range important for the
determination of our observable.
B. γγ total cross section
In [26] some of us studied the γγ total cross section in
the NLA BFKL approach considering two different opti-
mization methods of the perturbative series. One of them
was the BLM method, cases ðaÞ and ðbÞ, described above,
where Eqs. (43) and (45) were transformed back to the M¯S
scheme. In that paper we fixed the photon virtualities and,
correspondingly, the number of active flavors nf in order to
make a comparison with LEP2 experimental data. Here, we
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are interested in the general features of the BLM scale
setting procedure; therefore, we prefer to fix the photon
virtualities as in the two-meson production: Q1 ¼ Q2 ≡
Q ¼ 50 GeV with nf ¼ 5.
In Fig. 2, as in the case of the vector mesons, we show
the four different ratios μBLMR =Q versus Y − Y0. The four
cases ðaÞ, ðbÞ, ðcÞ and “exact” are defined exactly as in the
previous subsection. As we mentioned before, cases ðaÞ
and ðbÞ are independent on the energy of the process, but
depend on the kind of process through the fðνÞ function. In
particular, for the production of a pair of light vector
mesons, the function is given by Eq. (34), while for this
process it is fðνÞ ¼ 0 [see Eq. (33)].
For this process we only discuss here the BLM scale
setting and do not present its cross section. The γγ cross
section was already considered in [26], where serious
problems were found, related with the very large values
of NLO corrections [27] for the virtual photon impact
factor. For details and an extended discussion of this issue,
we refer the reader to [26].
C. Mueller-Navelet jets
The last semihard process that we consider is the
production of two forward high-pT jets produced with a
large separation in rapidity Δy (Mueller-Navelet jets [28]).
Such a process was studied at the Large Hadron Collider
(LHC): the CMS Collaboration provided us with data for
azimuthal decorrelations [29] that can be expressed, from a
theoretical point of view, by ratios Cm=Cn, where Cn are to
be averaged over kJi (jet transverse momentum) and yJi
(rapidity jet). Then, in order to match the kinematic cuts
used by the CMS Collaboration, we have
Cn ¼
Z
y1;max
y1;min
dy1
Z
y2;max
y2;min
dy2
Z
∞
kJ1 ;min
dkJ1
×
Z
∞
kJ2 ;min
dkJ2δðy1 − y2 − YÞCnðyJ1 ; yJ2 ; kJ1 ; kJ2Þ;
ð49Þ
with y1;min ¼ y2;min ¼ −4.7, y1;max ¼ y2;max ¼ 4.72 and
kJ1;min ¼ kJ2;min ¼ 35 GeV. The comparison between the
experimental results for jets with cone radius R ¼ 0.5
produced at a center-of-mass energy of
ﬃﬃ
s
p ¼ 7 TeV and
theoretical calculations was done in [31], where the exact
NLO impact factors calculated in [32] were used, and in
[30], where the NLO impact factors were taken in the
small-cone approximation as calculated in [33].3
In this section we use the same kinematic settings as in
[30] and present the BLM scale setting for the Mueller-
Navelet jet production. In particular, we consider the ratios
μBLMR =
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kJ1kJ2
p
as functions of Y − Y0 for n ¼ 0, 1, 2 and 3
and recall that, for this process, the function fðνÞ ¼ 0 is
zero. The results are shown in Fig. 3 were the three lines—
violet, green and blue—denote the cases ðaÞ, ðbÞ and
“exact,” respectively. For this process it is not possible to
consider case ðcÞ because the product of LO impact factors
c1ðn; νÞc2ðn; νÞ is a function that does not decrease so fast,
so that the ν-interval needed for the integration includes
the value ν¯, defined by Eq. (47), where the method is not
applicable.
Due to the integration over the jet variables kJ1;2 and yJ1;2 ,
the derivation of the “exact” curve here is a little bit
different from that of the other two processes. In this case,
in order to get the ratios μBLMR =
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kJ1kJ2
p
, we write μR ¼
mR
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kJ1kJ2
p
and we look for mR such that Eq. (40) is
satisfied.
On the contrary, since cases ðaÞ and ðbÞ are independent
of the energy of the process for n ¼ 0, the two curves,
“BLMa” and “BLMb,” are equivalent to those in Fig. 2,
since also in the present case, fðνÞ ¼ 0. Moreover, note that
for n ¼ 1, χðn ¼ 1; ν ¼ 0Þ ¼ 0 and, therefore, in Fig. 3 the
curve “BLMb” overlaps exactly the curve “BLMa.”
In Fig. 4 we present some ratios Cm=Cn vs Y, where
we make use of the scales shown in Fig. 3. In all cases
shown in Fig. 4, the factorization scale μF entering the
MSTW2008nlo [35] parton distribution functions was
chosen equal to the renormalization scale μR, and the
BFKL energy scale Y0 was fixed at zero. One could look
for optimal choices of the scale Y0, based on the PMS
method, for instance, but this goes beyond the scope of the
present paper. The results shown in [30] are a little bit
different from those shown here, because there we trans-
ferred back all formulas to the MS scheme. Moreover, note
that now we have an extra curve (BLMexact) in which μR
was obtained solving Eq. (40).
V. SUMMARY
In this paper we have focused on the BLM method to
set the renormalization scale in a generic semihard process,
as described in the NLA BFKL approach in the ðν; nÞ
representation. We found that the BLM scale setting
procedure is well defined in the context of semihard
processes described by the BFKL approach within NLA
accuracy. The straightforward application of the BLM
procedure leads to a condition to be fulfilled, Eq. (40),
which defines the optimal renormalization scale depending
on the specific process and on its energy. Our main
observation here is that, due to the presence of β0 terms
in the next-to-leading expressions for the process-
dependent impact factors, the optimal renormalization scale
is not universal, but turns out to depend both on the energy
2In [30] it was mistakenly written yi;min ¼ 0, although all
numerical results presented there were obtained using the correct
value yi;min ¼ −4.7.
3For a critical comparison of the different expressions for the
forward jet vertex, we refer to [34].
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and on the type of process in question. The nonuniversality
of the BLM scale setting in exclusive processes was
observed already in [36].
Note that the above-mentioned ∼β0 contributions to
NLA impact factors are universally expressed in terms
of the LO impact factors of the considered process; see our
Eqs. (29) and (30). Thus, they could be easily calculated for
all processes, even in the case when the full expressions for
the NLO corrections to the impact factors are not known.
Such contributions must be taken into account in the
implementation of the BLM method to the description of
cross sections of semihard processes, because all contri-
butions to the cross section that are ∼β0 must vanish at the
BLM scale.
Such an “exact” implementation of the BLM method
could be difficult since it calls for the solution of an integral
equation, Eq. (40), for each value of the energy of the
process. This equation can be solved, in general, only in a
numerical way. Therefore, we considered several approxi-
mated approaches to the BLM scale setting. One of them, the
closest to the “exact” one and labeled ðcÞ, consists in
imposing the vanishing of the integrand appearing in the
above-mentioned general condition and leads to an optimal
BLM scale depending also on the ν variable. This approxi-
mated method has a validity domain in the ν space and can
be applied only if the relevant range of the ν integration
giving a physical observable falls inside this validity domain.
Other approximated approaches, labeled ðaÞ and ðbÞ, can be
viewed as a sort of low- and high-energy approximation of
the case ðcÞ and of the “exact” determination.
We have compared these different approaches in the
study of the total cross section and of other physical
observables related with the forward amplitude in processes
such as the electroproduction of two light vector mesons,
the total cross section of two virtual photons and the
production of Mueller-Navelet jets.4 Note that the formulas
for the approximate cases ðaÞ and ðbÞ were already used by
us, without derivation, in our recent papers [26,30]. Here
we presented in full detail the implementation of the BLM
method for arbitrary semihard processes, considering both
its exact and approximate forms.
We could observe that, in general, the BLM scale setting
in the cases ðaÞ and ðbÞ provides us with a range inside
which lie the “exact” case ðcÞ determinations. This is not
the case for the Mueller-Navelet jet production where, as
discussed in the text, due to some peculiarities in the
definition of the observables imposed by the experimental
cuts, the natural ordering between the optimal scales in
cases ðaÞ, ðbÞ and “exact” is sometimes lost. It turns out,
however, that azimuthal correlations and ratios between
them in the Mueller-Navelet case are less sensitive to the
different approaches to BLM scale setting than in the other
two processes considered in this work.
Note that previous applications of the BLM method to
the description of γγ total cross sections [7,37–39] relied
on the use of LO expressions for the photon impact
factors. In [37,38] the γγ total cross section was
considered in LLA BFKL, since the NLO corrections
to the BFKL kernel were not yet known. However, in
[37,38] the β0 part of the first correction to the Born
amplitude (i.e. the t-channel two-gluon exchange) was
considered in order to establish the renormalization scale.
Such an approach to the scale setting is closely related to
our case ðaÞ (scale fixed from the correction to the impact
factor). Indeed, considering the expansion of the BFKL
amplitude (26), one can see that the first, ∼αs, correction
to the Born amplitudes originates entirely from NLO parts
of the impact factors. Comparing Eq. (5.5) in [38] with our
Eq. (42) for fðνÞ ¼ 0, as appropriate for the γγ process,
one can see that they agree except for the term that, in our
approach, derived from the change to the MOM scheme.
One can, therefore, refer to [37,38] as to the first
(approximate) application of the BLM scale setting to a
BFKL calculation. In [7,39] the γγ total cross was
considered using the full NLA BFKL kernel, but with
the LO approximation for the photon impact factor. In
respect to the BLM scale setting, such an approach is
equivalent to our approximate case ðbÞ.
In [31] the BLM method was applied to Mueller-Navelet
jet production: although the full NLO expression for the jet
impact factor was used, the above-discussed effect of the β0
contributions to the NLO jet impact factors on the choice of
the BLM scale was overlooked. Therefore, in [31] the value
of the BLM scale which was obtained is similar to the one
used in [7,39] and, as such, coincides with our approximate
case ðbÞ. Our results presented in Fig. 4 allow us to assess
the inaccuracy in BLM predictions for different Mueller-
Navelet jet observables related to the approximated
approaches to the BLM scale setting.
In conclusion, the BLM method for scale setting, which
was proposed more than three decades ago on a strong
physical basis, remains a fundamental tool for perturbative
calculations and has led to many successful comparisons
between theoretical predictions and experimental data. In
this paper we have provided the general paradigm for its
systematic application to an important class of processes,
i.e. semihard processes within the NLA BFKL approach,
thus filling some gaps left open by previous approximated
or incomplete approaches. We believe that this will
increase the future significance of the method.
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